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It is shown that 
cr(K,) < 
7n4-56n3+128nZ+48n[~~] +108] 
- 
432 
where G(K,) is the rectilinear crossing number of the complete graph, K, , 
by constructing, in the plane, a drawing, D, , of K, with the given number of 
intersections of pairs of edges. 
INTRODUCTION 
By a rectilinear drawing of K, , we mean a mapping of the vertices of K, 
into n distinct points of a plane, and of the edges into straight line segments 
joining each pair of points. No vertex is mapped into an interior point of 
a segment, and no three segments have an interior point in common. 
The rectilinear crossing number of K, is defined (following [4]) as the 
minimum number, G(K,J, of intersections of pairs of segments, taken over 
all rectilinear drawings of K, . We make use of a special rectilinear drawing, 
G,,ofK,. 
THE DRAWING G, 
The points Pi (1 < i < r) of G, have coordinates (i, a;), where a, = 0, 
a, = 1, a3 = -1 and ai = 4aip2 - 2ai-, (4 < i < r). Each pair of points 
is joined by a straight line segment. Figure 1 illustrates G, . For r 2 3, the 
infinite sector of the plane bounded by producing the segments P,PTml 
* The author is extremely grateful to the referee for rewriting this article. 
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FIGURE 1 
and P,-,P,-l is called the A-region, and the infinite region bounded by 
P,-lP, produced, the part P,X of the segment P,.Pl , and the part of 
P,-lP,-, produced starting at X, is called the B-region. X is the intersection 
of P,P, with P,-,P,-, produced, and coincides with P, in case r = 3. 
It may be verified that P,,, lies in the A-region of G, and P,,, lies in the 
B-region of G, . Moreover, if Q is an interior point of the A-region, and R 
of the B-region, of G, , there are no intersections among the segments 
QPi , RPi (1 < i < r) and P,P,+, (1 <j < r - 1). 
Let A(r), B(r) be the total numbers of intersections of QPi , respectively 
RP, , with the segments of G, . To calculate A(r), note that segments 
Pip7 (1 < i < r - 1) have no intersections with segments QPi (1 < j < r), 
and that segment PiP,-l (1 < i < r - 2) is intersected by each 
of the segments QPi (i < .j < r - l), giving r - 2 - i crossings, or 
i(r - 2)(r - 3) crossings on all segments PIP,-, (1 < i < r - 2). 
Similarly for the segments PiP,-2 (1 < i < r - 3) which yield no 
crossings, and the segments PiP,.-, (1 < i < r - 4), which yield 
&(r - 4)(r - 5) crossings. 
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Continuing, we find that 
A(r) = C $(r - 2j)(r - Tj - 1) 
j=l 
=I 
r(r - 2)(2r - 5)/24 (r even), 
(r - l)(r - 3)(2r - 1)/24 (r odd), 
A(r) = [r(r - 2)(2r - 5)/24]. (2) 
Calculation of B(r) is similar; in fact 
qr) = /qr + 1) = w - wr + l)P (r even), 
)(r + l)(r - 1)(2r - 3)/24 (r odd), 
B(r) = [(r2 - 1)(2r - 3)/24]. (3) 
Let C(r) be the number of crossings in G, . Since P,+l lies in the A-region 
of G, , we have C(r + 1) = C(r) + A(r). Summing, with I,2 ,..., r - 1 in 
place of r, we have 
r-1 
C(r) = 1 A(i) = 
fr(r - 2)2 (r - 4)/48 (r even), 
i=l /(r - l)(r - 3)(r2 - 4r + 1)/48 (r odd), 
C(r) = [(r - l)(r - 3)(r2 - 4r + 1)/48]. (4) 
Note that G, is a rectilinear version of the alternating linear modeE [l] 
ofK,. 
THE DRAWING D, 
Taker = [(n + 2)/3], s = [(n + 1)/3], t = [n/3], so that r + s + t = YZ 
and r, s, t differ by at most one, and construct G, , G, and G, . By suitable 
affine transformations we may arrange that G, lies in the A-regions of G, 
and G, , that G, lies in the A-region of G, and in the B-region of G, , and 
that G, lies in the B-regions of G, and G, . Then D, is formed by joining 
every pair of vertices, one in each of two of G, , G, and Gt , by a straight 
line segment. D, and D,, are illustrated in Figures 2 and 3. 
The total number, X(n), of crossings in D, is thus 
X(n) = C(r) + C(s) + C(t) 
+ W(s) + A(t)) + s{A(r) + B(t)) + t(W) + B(s)) 
(5) 
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FIGURE 2 
FIGURE 3 
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where the first three terms are the numbers of crossings of segments, both 
in G, , G, or Gt ; the next three terms are the numbers of crossings of 
segments in, for example, G, and G, , with segments joining their vertices to 
those of G, ; while the last three terms are the numbers of crossings of 
segments both joining vertices of, for example, G, to those of G, . 
Substitution of (2) (3) and (4) in (5) gives 
A’(n) = (7n4 - 56n3 + 144n2 - an + b)/432, 
where a = 144, 112, or 128 according as n = 0, 1, or 2, modulo 3, and 
b = 0, 17, 16,s 1, -64, or 97 according as n = 0, 1,2,3,4, or 5, modulo 6. 
These cases combine to the single expression given on the right of 
formula (1). 
REMARKS 
Equality is known to hold in (1) for n < 7, and has been conjectured 
to hold [4] for 8 < n < 10. From (1) we have 
sup $K,J/n4 < 71432. 
n+m 
It is known [3] that limn+co cr(K,)/n4 exists, where cr(K,J is the (ordinary) 
crossing number of K, , and its value is conjectured [2, 61 to be l/64. The 
best that can be deduced (cf. [5, 61) for a lower bound appears to be 
inf z(K,)/n4 > lim cr(K,Jn4 > 11/1008. 
n-tm n-m 
This follows from Kleitman’s result, cr(K,,,) 3 77. A better result follows 
if cr(K,) is known for n > 8, but such results seem mythological. The 
existence of lim G(K,)/n” also appears to be in doubt. 
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